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Abstract We use a wave packets approach to analyze the non-trivial time-dependence solu-
tion of quantum mechanical systems of a particle in a linear potential. We relate the system
of a free particle with that of a particle in a time-dependent linear potential by the use of the
de Broglie hypothesis which is one important aspect of the study of the classical-quantum
interface. Closed-form analytic results have been obtained as: (i) nonspreading Airy wave
packets, (ii) Gaussian wave packets.

Keywords Time-dependent Schrödinger equation · de Broglie hypothesis · Wave packets

There has been considerable interest in the system of a particle in a linear potential (with
time -dependent parameters) where the exact propagator has long been known [1]. This
model has eigenfunctions (wave packets) described by the Airy function [2]. This system
and the Airy wave functions on a half-line have been used to model the production of high
harmonic generation in the laser irradiation of rare gases [3, 4], and the edge electron gas
[5–7]. The model on piecewise domains and the wave functions have been frequently used to
model various physical systems [8, 9]. Recent work [10–22] focus further on exact solutions
and their properties and several method have been used to solve this system.

Using a particular unitary transformation operator, which resembles the one responsible
for the existence of coherent states in harmonic oscillators, Song [22] relates the system
of a particle in a linear potential to that of a free particle and found a general wave packet
described by an Airy function. The Schrödinger equation for a free particle has also long
been interesting in that the equation is formally identical to the wave equation of a beam
of light in the paraxial approximation [23–26]. In the present work, the relation between
the two systems naturally arises. The unitary operator is not assumed beforehand, it will
naturally appear in the derivation.
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In a previous recent work [27], we have derived the solutions of a quantum system subject
to a spatially uniform time-dependent force and showed that the solutions, in discrete case,
are generalized coherent states obtained by applying the displacement operator, D(t), see
[27] for details. The present work, while dealing with the same system, uses a different,
original and elegant way to investigate the solutions.

The present approach is based on a particular realization of quantum mechanics of great
practical importance, namely wave mechanics, used to describe the motion of a quantum
particle in one-dimensional space. It is this realization which serves as the introduction to
the fundamentals of quantum mechanics in most textbooks. We show that the construction
of the solutions for a quantum system subject to a spatially uniform, time-dependent force is
accomplished in such a way that the resulting states have similarity to the one for a quadratic
system which give coherent states. The basic idea of these developments is to establish an
intimate connection between the wave function of the solution of the Schrödinger equation
for the free particle with the physical problem which is considered in the case of a particle in
time-dependent linear potential. We use the de Broglie hypothesis “�k = p”, which is one
important aspect of the study of the classical-quantum interface, to relate the simple model
of a free particle to the model of a particle in a time-dependent linear potential. The obtained
solutions are nothing but the (i) nonspreading Airy wave packets, (ii) Gaussian wave packets
with a “center of mass” moving along the classical trajectory.

The problem is to find the solutions of the Schrödinger equation,

i�
∂

∂t
ψ(x, t) = Hψ(x, t) (1)

for the Hamiltonian

H(t) = p2

2m
+ E (t)x, (2)

where E (t) is an arbitrary time-dependent real parameter and the mass of the particle m is
constant. The solutions xc(t) and pc(t) for the classical equation of motion are given as

xc(t) = x0 + 1

m

∫ t

0
pc(t

′)dt ′, (3)

pc(t) = p0 −
∫ t

0
E (t ′)dt ′. (4)

The initial conditions x0,p0 correspond to the case where E (t) = 0, i.e. to a free particle
initial conditions.

In what follows, we briefly discuss the results of free particle, E (t) = 0. The wave func-
tion ψ

free
k (x, t) for the one-dimensional free particle with mass m evolves in position space

according to the Schrödinger equation

i�
∂

∂t
ψ

free
k (x, t) = − �

2

2m

∂2

∂x2
ψ

free
k (x, t), (5)

whose solution is described by a wave function corresponding to a plane wave:

ψ
free
k (x, t) = exp

[
− i

�
Ekt

]
eikx

√
2π

, (6)

where Ek = �
2k2/2m.
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The general position- space solution � free(x, t) to the time-dependent Schrödinger equa-
tion can be written, of course, as a linear combination of separable solutions ψ

free
k

� free(x, t) =
∫ +∞

−∞
g(k)ψ

free
k (x, t)dk, (7)

where g(k) is an arbitrary weight function for k. This wave packet describes a propagation
of a free particle; its group velocity is identified as the velocity of the corresponding classical
particle. This suggests we should view the “center” of the wave packet as travelling like a
classical particle that obeys the laws of classical mechanics:

x free
c (t) = x0 + 1

m
p0t, (8)

pfree
c (t) = p0. (9)

Since the corpuscular features (energy and momentum) of a particle are connected to its
wave characteristics (wave frequency ω and wave number k) by the relations Ek = �ω and
p = �k, we see how the wave packet concept offers a clear connection between the classical
description of a particle and its quantum mechanical description.

After this brief discussion of the free particle results, let us now return to our main task of
calculating the wave function of a particle in a time-dependent linear potential. For this, we
establish a correspondence between the particle’s velocity and the group velocity of the wave
packets. This can be inferred immediately from (4): it turns out that the classical momentum
for a particle in a time-dependent linear potential is obtained from that of a free particle by
the substitution p → pfree − ∫ t

0 E (t ′)dt ′, which suggest, from the de Broglie hypothesis, that
the wave function for a particle in a time-dependent linear potential is obtained from that
of a free particle by the substitution k → k − 1

�

∫ t

0 E (t ′)dt ′. After performing this shift of k

in (6)

ψk(x, t) = ψ
free

k+ C(t)
�

(x, t) = exp

[
− i

�

∫ t

0
E

k+ C(t)
�

dt

]
ei(k+ C(t)

�
)x

√
2π

(10)

and using the identities

E
k+ C(t)

�

= �
2

[
k2 + C(t)2

�2
+ 2k

C(t)

�

]
,

C(t) = −
∫ t

0
ε(t ′)dt ′ = pc(t) − pfree

c (t), (11)

C1(t) =
∫ t

0

C(t ′)
m

dt ′ = xc(t) − x free
c (t),

we obtain the general expression of the wave function

ψk(x, t) = 1√
2π

exp

[−i�k2

2m
t

]
exp

[
− i

2�m

∫ t

0
[C(t ′)]2dt ′

]
exp[−iC1(t)k]

× exp

[
i

�
C(t)x

]
exp[ikx]



Int J Theor Phys (2010) 49: 936–942 939

= exp

[
− i

2�m

∫ t

0
[pc(t

′) − pfree
c (t ′)]2dt ′

]
exp

[
i

�

{
pc(t) − pfree

c (t)
}
x

]

× ψ
free
k

(
x − {

xc(t) − x free
c (t)

})
. (12)

It is easy to check that this ψk(x, t) satisfies the Schrödinger equation

i�
∂

∂t
ψk(x, t) =

[
− �

2

2m

∂2

∂x2
+ E (t)x

]
ψk(x, t). (13)

This is an ordinary one dimensional Schrödinger equation of a particle in a time-dependent
linear potential.

At this point, any suitable choice of g(k) yields conventional solutions as the Airy func-
tions or a Gaussian wave packet.

(i) Airy wave packets. Putting g(k) = �
2/3√
2πB

ei�2k3/3B3
, making a variable change k →

k + B3
�

2m
t , where B is an arbitrary constant, using the representation of the Airy function

Ai(x) = 1

2π

∫ +∞

−∞
eik3/3eikxdk, (14)

and after integrating (7), one will obtain a nonspreading function, i.e. the Airy solution

�(x, t) = exp

[
− i

2�m

∫ t

0

[
pc(t

′) − pfree
c (t ′)

]2
dt ′

]
exp

[
i

�

{
pc(t) − pfree

c (t)
}
x

]

× � free
(
x − {

xc(t) − x free
c (t)

}
, t

)

= exp

[
− i

2�m

∫ t

0

[
pc(t

′) − pfree
c (t ′)

]2
dt ′

]
exp

[
i

�

{
pc(t) − pfree

c (t)
}
x

]

× exp

[
i
B3t

2m�

(
x − B3t2

6m2

)]
Ai

(
B

�2/3

(
x − {

xc(t) − x free
c (t)

} − B3t2

4m2

))
. (15)

We see that � free(x, t) corresponds to the wave packet of [3, 4, 13, 15, 21, 22] which
propagates in free space without distortion and with constant acceleration.

(ii) Gaussian wave packets. The standard Gaussian momentum-space distribution, which
gives arbitrary initial momentum p0 and position x0 values, can be written in the form

g(k) =
(

2a

π

) 1
4

exp(−a(�k − p0)
2) exp(−ikx0), (16)

where a is a positive real constant. The explicit form of the position-space wave function is
given by the Gaussian integral

�(x, t) =
√ √

a√
2π

exp

[
− i

2�m

∫ t

0

[
pc(t

′) − pfree
c (t ′)

]2
dt ′

]
exp

[
i

�

{
pc(t) − pfree

c (t)
}
x

]

× exp

[
− i

�

{
xc(t) − x free

c (t)
}
p

]

×
∫ +∞

−∞
eik(x−x0) exp

(−a(�k − p0)
2
)

exp

[
− i�k2

2m
t

]
dk, (17)



940 Int J Theor Phys (2010) 49: 936–942

which can be evaluated in closed form (using the change of variables k → �k −p0 and stan-
dard integrals) to obtain a Gaussian wave packets solution for a particle in a time-dependent
linear potential

�(x, t) =
√ √

a√
2π(a + i�

2m
t)

exp

[
− i

2�m

∫ t

0

[
pc(t

′) − pfree
c (t ′)

]2
dt ′

]

× exp

[
i

�

{
pc(t) − pfree

c (t)
}
x

]
exp

[
− (x − xc(t))

2

4(a + i�
2m

t)

]
. (18)

It is crucial to note that the physically acceptable Gaussian solution (18) was obtained with-
out any constraint imposed in the wave packet as was done in Luan et al. paper [16] (26).

The time-dependent expectation values of position and momentum are

〈x〉t = xc(t), 〈p〉t = pc(t), �xt =
√

(a2 + �2

4m2 t2)

a
, �p = �

2

√
1

a
(19)

all of which are familiar results and lead to the uncertainty relation

�p�xt = �

2

√
(a2 + �2

4m2 t2)

a
≥ �

2
. (20)

The equality holds at t = 0 and the Gaussian wave packet is called the minimum uncertainty
wave packet.

We can rewrite (18) as follows

�(x, t) =
√

�(a − i�
2m

t)√
2πa�x2

t

exp

[
− i

2�m

∫ t

0

[
pc(t

′) − pfree
c (t ′)

]2
dt ′

]
exp

[
i

�

{
pc(t) − pfree

c (t)
}
x

]

× exp

{−(a − i�
2m

t)[x − xc(t)]2

4a�x2
t

}
. (21)

Moreover, the time-dependent probability density associated with this Gaussian wave packet
is Gaussian for all times

|�(x, t)|2 = 1√
2π�xt

exp−
{

(x − xc(t))
2

2�x2
t

}
, (22)

we see that �xt represents the width of the wave packet at time t . It is also readily verified
that the time-dependent probability density is conserved and is given by

∫ ∞

−∞
|�(x, t)|2dx = 1. (23)

Equations (21) and (22) describe a Gaussian wave packet that is centered at 〈x〉 = xc(t)

whose width �xt varies with time. So, during time t , the packet’s center has moved from

x = 0 to x = xc(t) and its width has expanded from �x0 = √
a to �xt = �x0

√
1 + ( �t

2ma
)2.

The wave packet therefore undergoes a distortion; although it remains Gaussian, its width
broadens with time whereas its height, 1√

2π�xt
, decreases with time. Further, it should be
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noted that the width of the Gaussian packet does not depend on the external force E (t). Thus
the shape of the wave packet is not changed by the external excitation. This means that the
external force E (t) acts uniformly in the wave packet.

Before concluding let us make a few remarks about the wave function (12) can be rewrit-
ten as follow

ψk(x; t) = D
(
xc(t), x

free
c (t)

)
ψ

free
k (x, t), (24)

where the unitary operator

D
(
xc(t), x

free
c (t)

) = exp

[
− i

2�m

∫ t

0

[
pc(t

′) − pfree
c (t ′)

]2
dt ′

]
exp

[
i

�

{
pc(t) − pfree

c (t)
}
x

]

× exp

[
− i

�

{
xc(t) − x free

c (t)
}
p

]
(25)

is the unitary displacement operator closely related to the one which is responsible for the
existence of coherent states for a harmonic oscillator. For the case x0 = p0 = 0, this unitary
displacement operator (25) coincide with that found by Song [22]. The wave function trans-
lates, with {xc(t) − x

free
c (t)}, with no change in shape, just a change in phase. It is clear that

the evolution of ψk(x, t) can be obtained from that of ψ
free
k (x, t) by applying a time unitary

operator D(xc(t), x
free
c (t)).

The unitary relation between a free-particle system and the corresponding linear sys-
tem closely resembles the one for (generalized) harmonic oscillators, in that the probability
distribution of the unitarily transformed wave function moves globally, according to the clas-
sical solution, from the distribution of the original wave function, while the shapes of the
two distributions are the same [22]. The shapes could evolve under the time evolution, as in
the generalized coherent states.

We note that, the Airy wave packet �(x, t) (15) solution for a particle in time-dependent
linear potential is a displaced Airy wave packets resulting from the application of the dis-
placement operator onto the freely Airy wave packets � free(x, t). This leaves �(x, t) in
the form of an Airy packet with a probability or number-density packet |� free(x − {xc(t) −
x

free
c (t)}, t)|2 which retains its shape. It explains also why the Airy function remains non-

spreading even with a time-dependent homogeneous potential. And the Gaussian wave
packet solution for a particle in time-dependent linear potential �(x, t) (18) is a displaced
Gaussian wave packets resulting from the application of the displacement operator onto the
freely Gaussian wave packets � free(x, t).

Finally we may observe that, to find the relation between the two systems i.e. the system
of a free particle and the system of a particle in a linear potential, we start from the system
of a free particle and show that the system of a particle in a linear potential is obtained
by making the substitution k → k − 1

�

∫ t

0 E (t ′)dt ′. This has been done by the use of the de
Broglie hypothesis. The substitution of k → k − 1

�

∫ t

0 E (t ′)dt ′ is similar to the application

of the unitary transformation operator or “displacement operator” D(xc(t), x
free
c (t)), on the

wave function ψ
free
k (or a wave packet � free) for the one-dimensional free particle, as found

by Song [22].
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